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Year 1 Roots of polynomials/ Complex numbers; Year 1 Argand
diagrams

1. f(z) =322+ pz>+ 57z + ¢q
where p and ¢ are real constants.
Given that 3 = 24/2i is a root of the equation f(z) =0

(a) show all the roots of f(z) = 0 on a single Argand diagram,

(7)
(b) find the value of p and the value of g.
3)
(a)notice ue are qiven a yuhich according to the Fundamental

Law of Algebro. can have the follewing combination of roots:
-3 real roots
‘& Complex conjuqate pair and a real root
because we are already given a lex root -call it jue know
ue are already looking at the second option
b irst finding the complex conjugate = 2*= 3+20.
now 2 ways to find the real root-
WAY [:using roots of polynomials {ormulae
qiven cubic uhich ue try to apply our roots of polynomials formulae to:

St

S . = - z -
“::ofi S =-%/o = =Pl

Sum o f .
product pairs

= ¥, =19

rodutt . a4
P:f rooks : : = -%/s

using uhat ve know from aloovo.‘i.e_ that
and. letting real root = §

5y (-2 (3% 20) 4 (3-2m0)Y + (3+2720)Y =
—

using shortcut:
225 =at+b?
13 + (3-2Ri)Y + (3+2R)¥ =19
5 (3-2R)Y +(3+220)¥ = 19-13=2
factorise ¥ out :
¥(3-2/i+3+2RQi) =2
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Question 1 continued .  { ( 6) = '25

OR WAY 2:by inspection
first form & quadratic out of the tuo complex roots —using general formula:
2t —(x+B) +xB  where 2+32f=2a,
zz* za ¢ byt
here 2+#2%= 2(3)

=6

22t = (3 +(2f2)
= q+8
=13

=) 2t -62+1%3

nou know ue have 0 multiply this by some linear term
to get the
Ylooking at the coefficient of see’d’ =) the lincar term

is also being multiplied by '3‘|uil:h. the onstant term unknoun, so ‘a'
(2*-62+13)(32+a) =

..-need to compare ‘2" termg as only this is knoun:

-6a +S1= 53
F)éa=-6_,
Naz=-|

=) the linear term becomes (3z-1)
making this equal 0 gqets us 32-1=0
?33“' =3
) 2=y
;. the real root="ly

so know our 3 roots are 32,=3-2J2
2,z 34202 Im(2)

LR T

plotting these 0n an Argnnd. diagram:

T



Question 1 continued

(b) again 2 uays to use our three rooks from part (a) to find. p' and ‘g’
WAY 1:roots of polynomials formulae
continuing from WAY | of port (a),can use:

‘Sum of . S
roots; = fo =Pl

and evaluating the LHS :
(3-2R0)+(3+200) + 2
=6+ '/3 = .|—;-!

ond equate to the RHS
--p

3 3
=)-p=19

=) p=-19
NnOW use:

-product of roots = = ‘q'/3
evaluate LHS

(3-2R:)(3+2Ri) (%)

= H‘('/s) :_'3’_
equate to RHS
!i =‘l
3 3
=) ’Q=|4
=) 1':-]?.

WAY 2 :by inspection
ctd. from WAV 2 part (o.\,

we have:
(22-62+17)(32-1) =323+pa?+ SPatq
...for ‘P:
..-need to get 2 term from L#HS:
-|-18=-19

equate to RMS
=) p=-19
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...noW for ‘q’- need to compare constants:
-13 =q
=)q=-1%

Question 1 continued

WAY 3 :using factor theorem if (2-(2-2/20))is a factor then £(2)=0
F(3-2720)=3(3-230) #p3-25:) + §3(3-253i) +q = 0

PASCAL'S

T (103)%+ 2(3*x-2121) # 3 (3% (28:)*) + | (-252i))

i 3(2% + (-54J3i) +(-22) + (16521)
3(-45-38/74)

]}

2o ( (3% + 2 (3%(-22i)) + (-2124))
=p(q-|2fz£-8)
=p(1-1202i)

® S§3(3-202i)
=13 =14403 ¢

...subbing into expansion :

+ +131-1442i +q =0
collect real and imaginary terms:
36+p+q +i(-288J2 - 12J2p) =0
make €ach real and imaginary part=0

--real: .imaginary:
364p+q=0 -288/2-12J2p=0
=)p+q=-36 O =)12f2p=-288/2
=)p= -2&%—& =-
P28 [=-19
Sub into O
+q:=-36
=q=-117

(Total for Question 1 is 10 marks)
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Year 2 Calculus - improper integrals

. - 1 ) . .
2. (a) Explain WhyJ. dx is an improper integral.
1)

x(2x + 5)

(b) Prove that

J- ;dx:alnb
| x(2x+5)

where ¢ and b are rational numbers to be determined.
(6)

(a)out of the 2 uays an inteqral is considered ‘improper’:
- @0 in one of the limits
-uhen function that is to be integrated is undefined across the (imit

interval

ve see that the first option is true
~.integral improper due to the ‘e’ in the upper limit

(b)notice we are asked to inteqrate this improper integral...this must mean
that we can get the integral to converge to a specific value - alnb
first let's uork out the indefinite integration:

|
dx
J x(1x+5)
see this requires the integration of a fractional expression
( ) :
Fractional expressions

4a. Can | split the merator?
Is there a single term in the de ominator?  ~ COMN t Spllf 'H\Q num efa{'or

?

4b. Cdnldo
Does the denominator factorise? bQCQ\ASQ OF the 1 0'\!3
e " option is todo partial

Is the fraction improper?

fractions ( )

—l—" = _6- 4= _§-
x(2x+$) X  2x+S

=) | = A(2x+$5) +8x

WAY [ :compare Coefficients WAY 2: by substitution

OJ'CZA +B -O ...make each bracket equal O:
...constants: 2% +5:=0
| = SA =) ‘lx--S'

—_— 6 s 3
i ||II||II|||II|||I||I|II|||||II|I||II|||I||II||II|||I||II||I|||II|

‘—')A: '/s




sub @ into ©

x:'S/z
O:2(|/§)+B |=B(_g/z)
=-S:+B ':)",%6_-_'
=Bz -2/s -5 +-S

2

X:=0

1= SA

—IS s

:'/S.

repl - ' = -5
prace Iac(zx-ls) dx uith j sx 7 5 (es) 2
anow 2 methods to integrate

METHOD I: using qeneral result [ =ln(x)+c
1.2

U R
Sx 5_('1,;.,.5) dx ~factorise sou&
S!@ 25 g Hjs l\::f b I@

stand ard.
result

differentiabe :

I Zx*s

Ly reverse
chain rule

NN~
consider: In(2x+$)
2

X2 = s

24§

scale - no heed

- |
=< [ln(x) —in(2x+57)]
-~applying log quotient rule:

* <ln (3

2—£+5’) tcC
now appl»jing the LIMITS :

fw l_Z dic

o Sx S(2x4s)

= i in (= 17°F
kl.':}o S‘I'n (2x+s)]

= lim -  lim
toe Sl"(zﬂs) } £



Question 2 continued

as t-®, using L'hospital rule :

t
sto (3%:)'%-1“(’3)
t

| a
'.'? ( 3) -.;’ ? .. using log quotient rule:

- L) (.i)
= <1 :
.!.. ¥
;.
sla(3)

vhere a = -— 5 /

METHOD 2:using integration by completing the square
expanding the brackets inthe denominator and completins the square
—l_—- {oc{otise the = - complete S .
2x+Sx 204t Z(x. +_x) the square z(x+%)"-7;%'
I

4=
notice this isinthe form. xi-a* from the formula bodoklet

where x- X+5/; and at= 2'2'

sub into ir\’cegmtion result (formula booklet)

|
I;‘_:a.z x+ql
_,- X+ s/"- 'y
= z(%) X+ S/ 4 I
.L
= st , x+ 12 I
sy

21
sin ‘ HXHIO

1
5! lzx+s

now applying the ‘improper inteqral’ limits

7
I
MR 0 Turn over
P 6 2 6 7 2 A 0 7 2 8



Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:

>

>
»

=1 dx - lim 4 ln x
o %x(2x+S) tae [ 5 \2x+s
evaluate at limits
= lim 1 2t
tdeo )5 "(zus

as ;-m)use L'hospital rule :
2tk
Ll £ Y- ta (2
s\ 53 sl"(?)
t
=

<ln

s
t

<Linft
s "7

npie

= <lnl)- sln (35;.

und efined

- | 2
') - ‘?l'\. >

use log power rule

d 2\
sin(3

and. index [aw

" stin(3)

Reminders:

using basic indices rules to simplify and expand hrackets
i fs

x0x xb = x!
2 _ ab
o L=x |

3 o
o g;means ;x

o (V)or¥x® =xb |
Factorising and maybe cancel first
Is there a single term in denominator?

Then ask yourself:

th
2,

- . . ath_a b %

split fractions using == = = + = or (a + b)e - I
el

Is it an easy power type?[ x"dx = —

Is it In (natural logarithm)? Form [ %mg

To recognize these, the power in the denominator is (almost

always) 1. When you bring the denominator up to the

numerator using negative power indices rule you get a power

of—1. By adding one to the power and dividing it, you'll end

up dividing by zero which you can’t da I

™ =I(*"”

Method: copy In(denominator). Remember ignare then
differentiate to check you get what is inside the integral -
correct with numbers only, not variables and only correct by
multiplying or dividing. We can ignore the pink part since the
derivative ‘pops’ out when we diffecentiate and we know
when we differentiate our answer it must be what is inside
the integral).
Ls it bring up and harder power type? Bring the power up and
becomes the form[ f(x)f (x)" dx = m+ €
by a power in the other than
j(h;—‘il)] = [4x(2x%— 10) P dx etc

Is it Partial fractions! Recognisable by products in the

denominator.
4 B

Tordetn) ~ ard | aef

. _ a4 B
@rroyrrge ~ axve T rxig T Grion
(only advanced courses have this form)
oA Buc
(dx+e)(fx2+g)  dx+e ' [xitg

Form 1

Form 2.

Form 3

Is It divide first? Recognisable by two of more terms in the
denominator and also where we have the matching highest
powers in both numerator and denominator or a higher
power in the

Rewriting/adapting fraction in a clever way (split up the
numerator to get two fractions)

Is It inverse trig? (may need to complete the square first)
Either use the inverse trig results below or use a trig
substitution

+C

1 _ 1 by
[ e = b ()

1 1
—— iy
f Va? = (bx)? “ T

T (Total for Question 2 is 7 marks)




Year 2 Polar coordinates - finding area between polar curves

Cl

o) o
N\ ™ 2
» =
0 Tnitial line =
=
=
m
C, -
%
-
3
s~ |
X
£

Figure 1

Figure 1 shows a sketch of two curves C, and C, with polar equations

C.:r=(1+sinb) 0<O0<2n

C,:r=3(1 —sin0) 0<0<2n )

The region R lies inside C, and outside C, and is shown shaded in Figure 1. .

Show that the area of R is i

p\/_—qn

where p and ¢ are integers to be determined.

(€))

we are asked to caleulate the specific area betueen tuwo polar curves -
we know for definite that ve will use the general formula for polar integration:
A-: nj'z r2d6 -but for more information on the ue need to find

the betueen the two curves

expand the RHS

|+sin® = 3-3s5ind
collect sines
YsinO =2

L B

VISV SIHLNEILIEM LONOG

evatuate on cateutator-
07\\\3 in the
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Question 3 continued

=)6= or (ﬂ-"/s) =
marking these on Fig 1

next consider the area radiull.l -notice how

K=f ¢, do -f de

Subbing into formula
sal¢

Sjg L
=2 . 2 _1 e
ZLIG (1+sin0)2do Zf% (3(1-sine)) a0

notice how because ue ase inteqrating over ue can
just reurite above as one integral

-1 (Sale
E Ef«,e ((Hsine)‘ -q( I-sin0)*) d6
expand inside the brackets
= | 50/ [ .
ELI‘ (li-lsing +sin"6-‘1(l-2$me+smle)) do

s
. -J,ZIN/'Z‘ (' +25in® +5in?0 -9 +185(n©-95in*0) dO

collect ltke terms

_ LY.//4
* 3 { g (-8+20sn0-8sin20)d0

Yknou ue can't really inteqrate trig powers -use cos dowble angle
rearranged =) 6inlp = -;- -%cosze

-1 S
"3 [, (820ine -85 - fo20)) e

- 1 (5% ]
- if«lc (-8+20$me-‘+ +Y4c0s20) db
= |\ (Snle .

3 [ oy (-124205in8 + 4005 26) 0

multiply by @ 2

_ [ Salg .

f‘“ (-6+ [0Sin® +2c0520 Jd6

integrate using ‘(coske=7"sinke and Jsinke d6=’-";(05k6

9

T



r

Question 3 continued

=-Sn+3fa (- -31))]
2 "

=-4r +903

or 9/3-4r |

p=9,q:=4
i | Jv

10
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Question 3 continued

(Total for Question 3 is 9 marks)

1
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Year 1 Vectors - finding Cartesian equation of a plane; point of intersection
between line and plane; angle between two planes

4. The plane /7, has equation

r=2i+4j-k+A(1+2j—-3k)+u-+2j+k)
PN
where A and yu are scalar parameters.

(a) Find a Cartesian equation for /7,

4)
The line / has equation
x—1 y-3 z+2
5 -3 4
(b) Find the coordinates of the point of intersection of / with /7,
3)
The plane /7, has equation
r.i—j+3k) =5
(c) Find, to the nearest degree, the acute angle between 17, and /7,
(2)

(o) METHOD [: Carkesian form general result

currently ue are given the vector parametric form of the plane M - but
the Cartesian form requires us to {ind the
the ‘d'=a-n to {inﬂll:’ glve: X + \14. 2:d
..tuo uays to {ind the normal to the plane:

to the plane as well as

WAY I: vector method using fact that WAY 2 : vector cross product
det (A)=0

to find the vector

to both non scalar vt.d:ors-l‘qs{- need
to find the vector cross product of
these tuO direction vectors

let S

uhid\' b:‘ definition ,mqst be
to both the non-scalar vectors {ea!:ured

| . J k
(Z)X( ):Il 2 -3]
in the vector parametric form of the -3
equation - hence the dot product of their <]t -3( -3 |2
components must equal 0 B ll | J'-l | l ”‘l-l z’
[
(2) (3) =erna-pe=o “i(8) -d(-2) ricy)

( )( )-.--x+23+z=0 :: S

= or
let (2= for both

P 6 2 6 7 2 A 0 1 2 2 8
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Question 4 continued
X+24y=3 0
-x+2y=-| -©

Solving above

0-0 2x=4
=2 T2
xX=2

and Subl.l'ns this 2 into any of Dor ®

2+42y=3

=) 2y=
-':)2.'1 ,-3?-

‘.1='/2

==y

multiply H\rougk 61 2

)

now for ‘d "'need to take the on the plane ©.¢
and do «-n=d
e ' =2(4) + 401) + (-1)(2)
=8t+4-2
=10
=) general Cartesian formula for
X+y+.2=10

METHOO 2: alqebraically
getting the qeneral coordinate for plane
L LEA-M
r= ( HE2A+2pn
“I=3x+pm
=) X 2+A-Mm O
-©
-®©

and try to eliminate a parameter to finally qet equations

P 6 2 6 7 2 A 0 1 3 2 8
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Question 4 continued

el\'minating ‘p from O eliminating pfrom ®

),
m=242-% Juzl+3a+z | 2
o
—f
and subbing both into @ to qet two dif ferent expressions =
=
(24%-x) :
Sy i+2244+22-2x -
:)\j-llx:Si-H-ﬁ E
and. (1+32+2) =
S y= 4 +22 42467 +22
=) y-22:6+83
nou tliminate % from both ©and © - from
Uy ) =~1+2x—8
x2

82 2ythx-16
and equate ¢p
8Azy-22-6
T)244bx-16= y-22-6

{inallj collect Like termS and ‘ntegers
on RHS

WK wll s KR WR< ol N KNI

ux+y+22=10

(b) METHOR I :using scalar product form of a. plane
to {ind the Point of intersection bLetween line and plane | {first need khe
scalar product form of , ( r-n=d)

LY so {rom (a)
m - r-( J=10

HINEILIEM ION Od

and then the general equation for the
form —first need it in vector parametric form (the numeratorneqated @
becomes the and the denominator is the direction vector) E

)
Y

which as & genera L oordinate:

P 6 2 6 7 2 A 0 1 4 2 8
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™
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4
o
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- __ /1492
- r=/f3-35
-2+YX

subbing this into scalar product form of the plane m
I+Sa
(3-32)' ( ) =(0
“2+4
CVQluqiing the dot product
L1452 ) +(3-32)+2(-244x) =10
expand. the brackets
T4+200+3-32-4+8X2 =10
%) 2§a=10-4-3+Y4

Z) 299:= 3}
=19 =25
=) 2= s

now ue know value of the
qeneral coordinate on

. [1+S
i (3_3
-2+ Y4

_ s +%s 12/c
[ 3-2hs = (Slf/zs. )
-2+ 284 /s

METHOD 2=quebraimllj (using and T, Cartesian Qqqalions)

using qiven Cartesian equation for to qet expressions for and
can sub into part (al's Cartesian equation and solve -(or’g;'
x-l _ &4
xs = y3 s~ 9
) =3 cross muuile
cross multiply (x-1)=S(2+2)
-3(x-[) = S'(\rS) expand brackets
expand Yx-4 =52+10
“3%+3:8y~IS rearrange for 2°
=) S:l =-3Xx+I8 ;eSl:‘lx-l:lg_
factorise -3 out and =5 for °y’ 2= _.S__( Hx-l'-l)

=) 42 2 (x-6)
Sub into Cartesian equqiion of m,
‘tx +2
expand brackets

-3 18,8, _218_-
Yx Sx+ot X -2 10

10

at which the p.0.0 o(Curs -subbing this into

Which we



DO NOT WRITE IN THIS AREA

DONOTWRITE IN-THIS/AREA

collect ‘x'terms
Question 4 continued

and. finally ('2/5)
= J (-7;.2 =
- S S
/

(b) remembering the formula needed to calculate the acute angle betuween
2 planes : o5 = Ni-Na2
Indin,|
ue know from (a) that n,= [ | | and from given scalar product n, = |

Subbing this into the fotmula,

coso=( )( )

—_—

Jyre®e @yt J224 3

€050 = 4(2) #1(-1)+2(3)
21 hw
Cs0=_13
nig
ccecc ) [ 13
9 zcos (f'z'lff:f)

=40.696 3. .
= 41° (25.§)

(Total for Question 4 is 9 marks)
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Year 2 Modelling with differential equations - solving and evaluating coupled
first order differential equations

5. Two compounds, X and Y, are involved in a chemical reaction. The amounts in grams
of these compounds, # minutes after the reaction starts, are x and y respectively and are

modelled by the differential equations 8
<
?=—5x+10y—30 9
t =
dy =
—=-2x+3y-4 -® =
dt 4 =
=
=
(a) Show that
7
2 >
G L N m
dr dr >
3)
(b) Find, according to the model, a general solution for the amount in grams of
compound X present at time ¢ minutes.
(6)
(c) Find, according to the model, a general solution for the amount in grams of ,
compound ¥ present at time ¢ minutes. )
3) ;
i
Given that x =2 and y =5 when =0 ,
(d) find i
(1) the particular solution for x, |
(ii) the particular solution for y. :
C)) :
A scientist thinks that the chemical reaction will have stopped after 8 minutes.
(e) Explain whether this is supported by the model.
(1)

notice ue are dealing with second order coupled differen’ciul equations uhere
the 20DE ue are asked 0 prove is expressed in terms of “x' =)need. to eliminate ’y'
-'-re,mrungim] for 4

=10 | =10
= Jd ]
=y * 'o%'l'-ix +3
differentiate

VISV SIHLNEILIEM LONOG

and subbing iato ©

P 6 2 6 7 2 A 0 1 6 2 8
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DO NOT WRITE IN THIS AREA

DO NOTWRITE IN-THIS/AREA

Question 5 continued

Lodix o tde Lo 4!
0 ae2 t 3 at "2"*3(36'3} Fyx+3)-4

expand brackets

— =- _3dx ,1 -
0 a2 2x+' 5 +2x+q 4

2 at 0 at
collect like terms (keep constants on RHS)
Lod2e tdx 40 o
10 “q¢2 S at + ),x’ S
xlo to qet
dx

ﬁl+2%+$x=5'0

(b) compeund x-notice ue have to selve part (a)'s non-homogenous 200€

A.E ' m*+2lm¢+S5:=0
solve for‘m' —calc equtn Solver or quadratic forr

N = =

:-tl

S)m= -| 2

notice solution consists of 2 complex numbers -using the qeneral

formula for m = o tpi =) x= e"*(Acospt 1 BsinB{)

CF «x:= e't(Acosu + Bsiau)

... for 'looking at table:

Form of f(x) l Form of particular integral
k a
le{ x:z ax+b A+ px
ax? + bx + ¢ A+ px + vx?
kePx AePx
dx - O mcos wx y | Acoswx + psinwx
Tt = msin wx | A cos wx + psinwx
mcos wx +nsinwx | Acos wx + psin wx

WARNING!
The particular integral must not contain any term in the
complementary function. If it does, you'll need to add an x
and possibly even an x* in front of your usual Pl form

I

| INEIN [INEI] I WRIE] N NS R
7 2 A0 1 7 2 8

P 6 2 6
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dix

Question 5 continued — =0

(c) {-or ‘

(d) given lmhal condt’ctons uvhen =0
 from (W)

18

d¢t

sub (int0 200E
0+2(0)+52 =50

=) SA=S0O

- =S
=) A=10
+6.S5=C.F+P.T

=) = e.’*(Acoszu Bsin2t)+10

-candifferentiate . from (b) _
using the product rule. - d (smld) k(.oskf’ M,((oSld) -ksinkt

dx

o -j-e (Acoslt+3sm2{)+e (-ZAstH 28 .cos2t)

and sub into rearranged O for 3 (ysed ia(a)) N
={e *(Acos)uamze )t (-2Rsin2t+ 285 2t)) + 5

(e E(Acos2t+ esmzt) 4 |o) L PUSWDAY T

-ID

‘& = Toe' (('-lA +29>)(os').£ + Smlt(lte. ZAJ)fL&

ze °4Aees(2»o)+esmez*e))+'% -
=)2=A+I0
) A=-8
vhen £:0, 4y=§
prom (<),
= e (s 2to)(4()+28) +sin(2x0)(48-2A))+8
=) 5= 4. (28-32) +8
x10 %10

SO =26-32480
s)28:=2
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Question 5 continued <L =l

< 6=\
lél Y - =Q/ne)d \ LN
< e e \JITTESE OV IET I LI A4
2, -o~t -
T
>
E (e) if we let $0x) = e“'( sinlt-Bcosdt) +1D
g ql,x) = 6(25\1\1(‘ 3(051'.',#8
6 —4wa¢ gt £)8 on cale
2
5 _
é { x ’ 9{9:: 9(:;)
7.5]10. 003 B 0019
. g 10.002|8.0007

10(7.9997 |
- 8.001432569

XL remains constant at 10
v remaing ¢onstant ot &

|- qupports student's clat

(Total for Question 5 is 17 marks)
. J
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Year 1 Proof by induction - summations and divisibility proofs

6. (i) Prove by induction that forn € Z*

i(3r +1D)(r+2)=nn+2)(n+3)
©)

(i1) Prove by induction that for all positive odd integers n
f(n)=4"+5 +6

is divisible by 15
(6)

proof by induction requires usto prove a conjecture (s true for all neN
Li) notice this is a. gummations proof
step |: base step
prwe. true for n=|

RHUS
i(Sr*\)(rn) (30)+1)(1+2) | (1+2)(1+3)
= (w)(3) = 1(3)(4)
g =12
LHS= RHS ~true for n=|
step 2:asSumption step
assume trae for n=k
é (3r+1)(re2) = kik+2)(k+3)
rz)
RHS:
step 3:induction step (k+l)(k+|+7-)(k+ “_3)

prove true {or n=k+l

ﬁ (3r+1)(r+2)

Spluﬂmg LHS to utilise i {lom the assumption step
= r2(3r+l)(r+2) 4(3 (et 1)#1)(k+1+2)
=)

= k(k#2)(k#2) +(3k+4)(k+3)
fadorise common foctor
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Question 6 continued

= (k+3) [k(k+2) +(3k+4)]
expand

= (ke3) (k*45k +Y4)
SNV

straight auay see fattoriseable

= (k+3)(k+4)(k+1)

- true for nz=k+l

step U:conclusionstep
since true for =l if true or n=k and true for n=k+ I’ then true for all
nem

(ii) now dealing witha divisibility proof -notice how instead of proving
true for all n€ N we want to prove true for all
METHOD |:using assumption case f(2k+l)

step 1: base case
prove true fornz=|
fFO)=4'+5'+6"
= 15(1) uhich (s divisible by IS
~true for n=|

step 2: assumption case
assume true for ((.e first )

4—(2k+\)= '-}“‘"' } S“‘”+ 6“‘" which is divisible by [S torall k€N

Step 3:induction step
prove true for (next odd inteqer)
WAV |:power manipulation

'H2k+ 3) = Ltlld'?»,'_ 52k+3 +62k+3

splitting pouers to qet f(2k+1) n

k4142 2ktl+2 2k+142
=Y +5 +6

21
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evaluate indices
Question 6 continued 2
- L|2k+|(|.| ) + 51k+|(sz) 1-61“'(62)
=16 (4""") +25(521) 4 36 (6 24)

now need to split coefficients up such that can factorise fkijout and
still be left vith an expression thatis a multiple of IS . fadtorising
16 out:
IG(HZ"“+S“‘”+6“‘”)+ (S“"") ¥ (sz)
\M

need to prove thisis
a multiple of IS -splitking indices up

l6f2k+1) + 9(s2.5') + 20(62-6")

=16k +)+ 4S(sK) + 120(62%)

\_/\,\/
multiples of IS !
factorising (S out

oy fOk+3)= 16f (2k+1) 4 15(3)SHH) +15(8)(6
uhichis divisible ioj IS
~trae for n=2kt3

zk+|)

WAY 2: more methodically : §( )-f ki)
evaluah’ng:
$(204 )—f(ik.‘*l):

qu+3+ §2“*3+6"“3—q’“'- Szk+|_62u+|

Lsplitting powers up 1o qet assumed {(2k+l) -then collecting like terms

| 1 2 T+ et

evaluate powers
= Hz(qzhn) + Sz(szku) +62(sz+|) _,12&-;!_ Szlu-l_czk-il

= l‘('-lz‘”") + 25(5“‘“) + 36(62“-') - qlk-l-l_ S.zk.,.l _quq.]
collect [ike terms

=15 (4% + 24 (524 + 35 (62%) |
SPlil'h'nﬂ indices (except first as see alreqdu multiple of 15
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F1S(2) 424 (5')(57%) + 35(6')(67%)
= 1§ (y2k+1) +|20(52") +210 (6“‘)

=) f (2043) - f(2k#l) =15 (42**1) 4 20 (57%) + 210(6 %)
making {(2k+3) the subject

=) flak#3) = £ (2ke1) 15 (441) 4120 (524) 4 210 (67%)
\_/-\/\_/

need to prove these are
multiples of IS

) f2ke3)= flaket) + 1S (W) 150 ) (S2%) +15 () (67%)
which s divisible by IS ~trme for n=2k+3

step 4: conclusion Step
_since_true -}or n=1, i true for nzk and &me for n=k+| then true for all neN

ﬂ——\——— —— g
" e-——eeas o e

Step I: base case
prove true for n:|
f()=4'+ 546
= |5 =15(1)
~true for n=|

step 2: asSumption step

realising that * ' suggests that ‘n'is odd ~we don't actually
need o construct k as 2k+l as ‘"' is already

=)assume true for n:=k
flk)= 4" +S5 46"
Step 3:induction step -if nzk is the {first =) n=k+2 must be the next

INDVUCTIVE case
s prove true for n=k+2

NAY I: power manipulation toqet (k)

fur2)= 47y ghot g0

Splitting powers to qet { (k)
= L‘_kl-l + Sk-l-Z +6k+2

splitting indices
= (47) 4%+ (s2) Sk +(67)6"
= 16 (4%) +25(5k)+36(gk) which atter the same manipulation
tllustrated in : | finally



gef:
16 £ (L) + I';’(s(s“‘) + 8(6“‘))

~true for n=k

Question 6 continued

WAY 2: more mefhodicnl(g {-(lnl)-f(k)
fCka2) - § (k)
- llw'z + S‘k*2+6"”' k- Sk_gk
spli{ﬁng up the indices
= uk(4?) 4 s%(s?) 4 64(6%) - Yk -sk-gk
= 16(4X) + 25(S*) + 36(6%) - k- §k-gk
coliect (ike terms

= 15(4k) +24(5") +35 (6%
uhich ajter the same manipulation of coefficients as shown in
,‘inallj qives:
Pl iSOt wis (- (s2) + (62K)
~true for nzk+|

step 4: conclusion Step
since true for n=1, if true fo/ n=k and tre for nsk+l then true for ail

(Total for Question 6 is 12 marks)
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Year 2 Modelling with differential equations - solving first order
differential equations

. A sample of bacteria in a sealed container is being studied.

The number of bacteria, P, in thousands, is modelled by the differential equation
(1+t)%+P: (14 1)

where ¢ is the time in hours after the start of the study.

Initially, there are exactly 5000 bacteria in the container.

(a) Determine, according to the model, the number of bacteria in the container 8 hours
after the start of the study.

(6)
(b) Find, according to the model, the rate of change of the number of bacteria in the
container 4 hours after the start of the study.
4)
(c) State a limitation of the model.
1)

(a) notice ue are given a 10DE - can't
an addition rather than the product of P and its derivatives

next check for on LHS
0S40

(1+¢) 4P 4 P=t"2(14¢)
3t

A=)
~YES, CAN rewrite using

NOTE: if hada't spotted this-could've =(l1+t) to get 10DE in form %-;"1- Py=Q

and multiplied through by I.F - although this is mentioned

in the main part of the MS this (s uay more time consuming than

§4st noticing the reverse product rule straight away

I dt ={t"1(|+é)ou-
expanding RHS integra(
Sﬁ(P“H’\dt:I ':'/z + {.3/2 dt
inteqrating both sides

3 5
=)6.5: P(144) = %* h ¥+ %t/’wc
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Question 7 continued
now Subbing in the initial conditions -remember fact
that the units are thouwsands

uhen {::O' P=5 y 7
s 2 2,2 2
s(1+0) = (o) +5(0)*+c
=) §=¢C
- -2 3/2 l_ r/z
D P(1+t)=FE+ 2 4S
rearrange to make 'P'jl;i+5ukj¢Cf

=i+t 3
3t A %is/"- +S
(2 A R —
| +¢
but the question (sasking for Puhen =8, subbing this
into above 5
_(6)2+ 3(8)7 s

| +%

= 10.23643... thousand
1.e IO,I?C.‘fS..
=10,27#% bacteria

(b) ‘rate of change' requires us ko differentiate our from part (a)

WAY |: quotient rule
Lph 2y s

p= 3
(rat)
u=-§-£-’/1+3§’c’/2+5 v= 4t
‘s lowti tient rule:
Jet'h 1% el follouing guotient n

MY vutey!
ilt( 2) -Vuv-l-lv\l
f 3
4f - ee) (b 4h) - (3 Ay Ltthys)

(1+8) *
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Question 7 continued

S\Absl:i{ul'iﬂj t=4 into above
iy 3hY 2 ey 200t
(82 572) - (324 2(4) 7 +5)

df_
dt (1+4)*
evaluate on
16
= (S)uo)- (F+&+$)
285
103
T 26 33S

but need thousands so x1000

= 3224 _1034. 666

21030 (3s-F)
bacteria per hr

WAY 2:using 100€

Le (an ge'{- rate of change by REARRANGING the 10DE {of%g

1%, 3%, s
(1+¢)

vhichat t=4 (¢
3. 5),
o= 3(4)2 5(1)?+S

know from part (a)'s = that p=

(14+4)
= 16 ¢4 343
3+-§+$= E:m
S s 3}

Subbing into 10DE with £=0

(|+H)‘_}:+ =(l.|)'lz(|+‘f)
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Question 7 continued

o cdP 4 343 _
)} S48+ Th=a(s)

3s
2)§9P = |p- 34*
at E)
=) g 4P = 403
at S
=S =S
4P _ 403
dt 33§

403 1000 = §7-_:.“ = 1,034. 66
= 1,03 S vacterialhr

335

tc) no.0f bacteria increases c'ndefu'nﬂelj—nol: realistic
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27

Turn over



7

Question 7 continued

(Total for Question 7 is 11 marks)

TOTAL FOR PAPER IS 75 MARKS
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